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Trapped-ion quantum computers have demonstrated high-performance gate operations in registers
of about ten qubits. However, scaling up and parallelizing quantum computations with long one-
dimensional (1D) ion strings is an outstanding challenge due to the global nature of the motional
modes of the ions which mediate qubit-qubit couplings. Here, we devise methods to implement
scalable and parallel entangling gates by using engineered localized phonon modes. We propose
to tailor such localized modes by tuning the local potential of individual ions with programmable
optical tweezers. Localized modes of small subsets of qubits form the basis to perform entangling
gates on these subsets in parallel. We demonstrate the inherent scalability of this approach by
presenting analytical and numerical results for long 1D ion chains and even for infinite chains of
uniformly spaced ions. Furthermore, we show that combining our methods with optimal coherent
control techniques allows to realize maximally dense universal parallelized quantum circuits.
I. INTRODUCTION
Trapped atomic ions are a leading platform for quan-
tum information processing [1–7]. High-fidelity gate op-
erations, qubit initialization and readout, as well as long
coherence times have been demonstrated in trapped-ion
quantum computers which consist of tens of individually
addressable qubits [8–12]. However, while state-of-the-
art ion traps can sustain 1D chains of more than a hun-
dred ions, scaling up and, in particular, parallelizing gate
operations is challenging due to the increasing complex-
ity of the spectrum of phonon modes, which serve as data
buses for the transmission of quantum information [1, 13].
Traditionally, this problem has been addressed by using
segmented traps in which small ion crystals are shuttled
between different zones that are dedicated to qubit stor-
age and manipulation, respectively [14–17].
In this paper, we address the challenge of scaling up
and parallelizing quantum computations with long 1D
ion strings by combining well-developed conventional lin-
ear Paul traps [18] with programmable optical tweezer ar-
rays, which are commonly utilized as a powerful tool in
quantum simulation with neutral Rydberg atoms [19, 20].
Here, instead, we consider using programmable optical
tweezer arrays to pin specific ions in a linear trap [21], and
thereby engineer localized phonon modes [22–24]. These
designer phonon modes form the basis to implement scal-
able and parallel entangling gates. The required capabil-
ities to optically address individual ions are available in
current experiments [25, 26]. By dynamically reconfig-
uring the tweezer array, the designer phonon modes can
be adjusted during running quantum computations, and
thus offer great flexibility to achieve an effective “optical
segmentation” of the ion chain.
Possible quantum circuits provided by optical segmen-
tation are illustrated schematically in Figs. 1(a) and (b):
In the first example, a subregister formed by three consec-
utive qubits which are marked by cyan shading is decou-
pled from the other qubits by “optical tweezer walls” [21]
that consist of pairs of optically pinned ions. By using the
phonon modes which are localized in between the tweezer
walls, a multi-qubit gate can be performed on the sub-
register. The second example relies on the long-range
connectivity in chains of trapped ions to implement an
entangling gate between the two qubits marked by pink
shading and which are both pinned by optical tweezers.
In this work, we focus on the implementation of quan-
tum circuits which are composed of parallel gates be-
tween pairs of nearest-neighboring qubits. Pinning pairs
of neighboring ions with optical tweezers as illustrated in
Fig. 1(c) gives rise to localized phonon modes which cor-
respond to center-of-mass (COM) and stretch oscillations
of the pinned pairs. In micro traps with segmented elec-
trodes, an analogous local mode structure arises for two
ions which are shuttled to an interaction zone of the trap.
The optical segmentation enables performing entangling
gates on all pairs of pinned ions in parallel, which corre-
sponds to the first layer of the quantum circuit shown in
Fig. 1(d).
Due to the emergence of a local phonon mode struc-
ture with only two relevant localized phonon modes per
pinned pair, high-fidelity scalable and parallel gates can
be performed in long ion chains without resorting to opti-
mal coherent control techniques. Further, the gate time
is determined by the splitting of the localized phonon
modes, and is thus independent of the total number of
ions in the chain. Indeed, as we show analytically and
numerically, tweezer gates can be performed even in in-
finitely long chains [27]. Further, the gate time is de-
termined by the splitting of the localized phonon modes,
and is thus independent of the total number of ions in
the chain.
Finally, we discuss different ways to minimize crosstalk
between parallel two-qubit entangling gates based on op-
timal control of time-modulated laser-pulse amplitudes
as developed by Duan et al. [28]. This enables the im-
plementation of dense “brick wall circuits.” Such dense
circuits have a wide range of applications, for exam-
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2Figure 1. Schematic setup and circuits. (a) Specific ions in a long 1D chain are pinned by optical tweezers. This leads to the
formation of localized phonon modes, e.g., for the subregister formed by the three ions which are marked by cyan shading, and
for the pair of distant qubits which are marked by pink shading and which are pinned by equally strong optical potentials.
(b) The localized phonon modes can be utilized to implement multi-qubit entangling gates. Buffer ions at the ends of the chain
are not used as qubits. (c) In this work, we focus on implementing parallel two-qubit entangling gates which use the localized
phonon modes of pairs of neighboring pinned ions. (d) After a first layer of the circuit which corresponds to the product of
gates U1U2U3 that act on distinct qubits, the tweezers are focused on different ions to perform the second layer corresponding
to the gate operation U4U5.
ple, in digital quantum simulation [29–31] of spin models
with local interactions, or to realize random circuits [32],
which are models for strongly chaotic quantum dynam-
ics [33–37].
The paper is structured as follows: We start in Sec. II
with a short review of some aspects of quantum gates
with trapped ions. In Sec. III we discuss how to design
localized phonon modes for quantum computing. Subse-
quently in Secs. IV and V we show how these localized
modes can be used to implement scalable and parallel
tweezer gates with and without optimal control respec-
tively. Finally we give an outlook in Sec. VI.
II. ENTANGLING QUANTUM GATES WITH
TRAPPED IONS
For reference, we find it convenient to summarize some
fundamentals of quantum computing with trapped ions.
Based on this, we state the decomposition of quantum
circuits into single-qubit and nearest-neighbor entangling
gates and discuss how one can quantify the performance
of a two-qubit quantum gate.
A. Quantum computing with trapped ions
The implementation of quantum logic gates in 1D
chains of laser-cooled trapped ions relies on the laser-
induced coupling between long-lived internal states of the
ions, which encode the qubits, and the phonon modes of
the ion chain, which serve as quantum data buses. En-
tanglement between qubits is established through the ex-
change of real [1] or virtual [38–41] phonons. We focus on
the latter approach, known as Mølmer-Sørensen gate [40],
which is insensitive to finite temperatures of the phonon
modes. In a suitable rotating frame, the corresponding
qubit-phonon coupling Hamiltonian for N ions with 3N
motional modes reads
H =
∑
α∈{x,y,z}
N∑
i,n=1
ηnα,i~Ωi(t) sin(µit)
× (a†α,neiωα,nt + H.c.)σxi , (1)
where the first sum is over the spatial directions α of
the 3D motion of the ions. As illustrated in Fig. 1(a), we
choose the coordinate system such that x and y directions
are transverse to the weak trap axis, which is along the
z direction. In the form given above, the Hamiltonian is
valid in the Lamb-Dicke limit, in which the amplitudes of
oscillations of the ions around their equilibrium positions
are small in comparison to optical wavelengths. This
justifies an expansion to first order in the Lamb-Dicke
parameter matrix, which we define as
ηnα,i = kL,α
√
~
2mωα,n
Mnα,i, (2)
with the effective laser wave vectors with components
kL,α that are assumed to be equal for all ions [42]. Here
m is the mass of the ions, ωα,n is the frequency of the
phonon mode n ∈ {1, . . . , N} in spatial direction α, and
the element Mnα,i of the phonon mode matrix is given
by the amplitude of the phonon mode vector n on ion
i ∈ {1, . . . , N}. The phonon mode matrix is derived in
Appendix A.
The Hamiltonian (1) results from addressing the ions
with pairs of laser beams which are detuned by ±µi from
the qubit transition [38–41]. We assume that the de-
tuning µi and the laser pulse shape as described by a
time-modulated Rabi frequency Ωi(t) can be chosen for
each ion i individually. The annihilation and creation op-
erators of phonons with frequency ωα,n are denoted by
3aα,n and a
†
α,n, respectively, and σ
x
i is the Pauli matrix
which acts in the Hilbert space of the qubit which is en-
coded in ion i. We assume in the following that the lasers
dominantly excite transverse x modes, which is justified
if the detuning from the excited transversal x modes is
much smaller than the frequency difference between the
transverse x modes and the transverse y and longitudinal
z modes, respectively [28].
The time evolution that is generated by the time-
dependent qubit-phonon Hamiltonian (1) is described by
the unitary [28, 42–46]
U = exp
(
N∑
i=1
φiσ
x
i + i
N∑
i<i′=1
χi,i′σ
x
i σ
x
i′
)
. (3)
The first term in the exponent with the operator
φi =
N∑
n=1
(
αni a
†
n + H.c.
)
, (4)
induces qubit-state-dependent displacements of the
phonon modes where
αni = −iηni
∫ τ
0
dtΩi(t) sin(µit)e
iωnt. (5)
If φi 6= 0 for a given qubit i, unwanted entanglement is
created between that qubit and the phonon modes. This
can be prevented by carefully choosing the detuning and
gate duration depending on the phonon spectrum. The
desired qubit-qubit coupling term is given by
χi,i′ =
N∑
n=1
ηni η
n
i′
∫ τ
0
dt
∫ t
0
dt′ sin(ωn (t− t′))
× (Ωi(t)Ωi′(t′) sin(µit) sin(µi′t′)
+Ωi(t
′)Ωi′(t) sin(µit′) sin(µi′t)) . (6)
We focus in the following on the implementation, based
on Eq. (3), of quantum circuits with entangling opera-
tions between only neighboring qubits as illustrated in
Fig. 1(d). Such circuits can be arranged in consecutive
layers where gates within each layer are executed in par-
allel. A single layer can be written as
U0 =
∏
(i,i′)∈I
Ui,i′ , (7)
where I is the set of all pairs of neighboring qubits on
which gates are to be performed in the layer under consid-
eration. Since any entangling two-qubit gate can be de-
composed into single-qubit rotations and entangling op-
erations which are generated by σxi σ
x
i′ [47], we can assume
without loss of generality that Ui,i′ is an xx gate,
Ui,i′ = e
iχ0
i,i′σ
x
i σ
x
i′ (8)
with couplings χ0i,i′ for different pairs (i, i
′) all having the
same positive or negative sign and
∣∣χ0i,i′ ∣∣ ∈ [0, pi/4] [47].
Throughout this work we consider maximally entangling
gates with χ0i,i′ = ±pi/4 as a benchmark case. This
benchmark is particularly relevant since the unitary (8)
with χ0i,i′ = ±pi/4 is up to single-qubit rotations equiva-
lent to the CNOT gate [48] which forms a universal gate
set together with single-qubit rotations [49].
B. Gate imperfections
Any experimental implementation of quantum logic
gates with trapped ions is affected by various sources
of imperfections which are not captured by the model
Hamiltonian (1) [42]. However, even within this model,
the unitary U (3) deviates in general from the target gate
unitary U0 (7). We distinguish three types of such intrin-
sic gate imperfections: Residual qubit-phonon entangle-
ment, over- and underrotation errors, and crosstalk. To
formalize this distinction, we factorize the gate unitary
as U = UαUχ, where
Uα = e
∑N
i=1 φiσ
x
i , Uχ = e
i
∑N
i<i′=1 χi,i′σ
x
i σ
x
i′ . (9)
Deviations of Uα from the identity, Uα 6= 1, imply that
qubits and phonons are entangled at the end of the gate
operation. Over- and underrotation errors as well as
crosstalk occur for Uχ 6= U0.
The adverse effect of residual qubit-phonon entangle-
ment can be quantified in terms of the average fidelity [50]
per gate, which we define as
F =
(∫
dΨ 〈Ψ|U†χtrph
(
U |Ψ〉 〈Ψ| ⊗ ρthU†
)
Uχ |Ψ〉
) 1
G
,
(10)
where the trace is over the motional degrees of freedom,
ρth denotes a thermal state of phonons, and the inte-
gration is over the Fubini-Study measure [51]. We note
that usually the fidelity is defined with respect to the
ideal target gate, i.e., with Uχ replaced by U0, to ex-
plicitly include over- and underrotation errors as well as
crosstalk. In contrast, we quantify these types of errors
separately as detailed below. To account for the exponen-
tial dependence of the total fidelity Ftot on the number
G of gates which are being performed in parallel—which
in the cases of interest to us scales with the number of
qubits G ∼ N—we include an exponent 1/G in the defi-
nition of the fidelity per gate. In the limit of high fidelity,
the infidelity per gate δF = 1− F can be approximated
by [42]
δF =
4
5G
N∑
i,n=1
|αni |2 (2n¯n + 1) , (11)
where n¯n is the average thermal occupation of phonons in
the mode with frequency ωn. For simplicity, we assume
in the following that n¯n = 0.5 for all phonon modes.
We note that for the tweezer gates we describe below,
an additional contribution to the infidelity is due to spon-
taneous scattering of photons of the tweezer beams. As
4discussed in Appendix B, promising candidates to im-
plement tweezer gates are 24Mg+ ions, for which the infi-
delity due to scattering of photons is on the order of 10−3
for the tweezer parameters we assume below, and can be
reduced further for weaker optical trapping.
Over- and underrotation errors of the gate U corre-
sponds to deviations of the qubit-qubit coupling χi,i′
from to the desired value χ0i,i′ for pairs of qubits (i, i
′)
which are contained in I in Eq. (7), i.e., which are af-
fected by the ideal gate U0. In contrast, crosstalk is due
to unwanted nonzero qubit-qubit couplings for pairs of
qubits which are not contained in I. To separate these
types of errors, we factorize the qubit-qubit coupling in
Eq. (3) as Uχ = U1UC where
U1 =
∏
(i,i′)∈I
eiχi,i′σ
x
i σ
x
i′ , UC =
∏
(i,i′)∈I′
eiχi,i′σ
x
i σ
x
i′ , (12)
and where I ′ contains all ordered pairs of qubits which
are not included in I. We quantify these gate errors in
terms of the diamond norm of the error superoperators
E1 = U1 − U0 and EC = UC − I, where Ua(ρ) = UaρU†a
for a = 0, 1, C, and I(ρ) = ρ [27, 52, 53]. Bounds on the
errors per gate are given by [54]
1
G
‖E1‖ ≤ δχ = 2
G
∑
(i,i′)∈I
∣∣χi,i′ − χ0i,i′ ∣∣ , (13)
1
G
‖EC‖ ≤ C = 2
G
∑
(i,i′)∈I′
|χi,i′ | , (14)
where we defined the over-/underrotation error δχ and
the crosstalk C.
III. OPTICAL DESIGN OF LOCALIZED
PHONON MODES
Our goal is to design localized phonon modes in long
laser-cooled ion strings, which, as we go on to show in
Secs. IV and V, enable the implementation of scalable
and parallel entangling quantum gates. In particular,
we engineer specific types of mode matrices Mnα,i by us-
ing optical tweezers that are focused on the equilibrium
positions of specific ions and thus pin these ions as we
describe in Appendix A. The tweezers are realized by
Gaussian laser beams along the y direction as illustrated
in Fig. 1(a). In the vicinity of the focuses of the tweezers,
the optical potential can be approximated as harmonic.
The optical trapping frequency along the beam axis is
negligible. In contrast, the optical trapping frequency
ω0,i along the transverse x and the longitudinal z direc-
tions is determined by the beam intensity and waist at
the position of ion i, and we assume that ω0,i does not
depend on the internal state of the ions and can take
on values up to ω0,i . 0.4ωx for typical transverse trap-
ping frequencies ωx = 2pi × 3 MHz. In Appendix B, we
discuss experimental requirements to realize such strong
qubit-state-independent optical potentials for different
ionic species.
In the following, we first consider localized phonon
modes of a single pair of pinned, neighboring ions in a
long chain. This allows us to delimit the regime of strong
pinning in which the phonon modes of the pinned ions
decouple from the modes of the spectator ions. We then
illustrate these ideas with concrete examples of finite and
infinite chains.
A. Pinning a single ion pair in a long chain
To engineer transverse x phonon modes which are lo-
calized on a pair of neighboring ions i and i+1 and which
can thus be used to perform an entangling gate on this
pair, we consider a situation in which the pinning on the
ions forming the pair is the same ω0,i = ω0,i+1 whereas
the remaining spectator ions are not pinned. The resid-
ual Coulomb interaction (see Appendix A for details) has
two effects: First, the interaction between the pinned
ions leads to the formation of localized COM and stretch
modes given by
MCOMx,i′ ≈ (δi′,i + δi′,i+1)/
√
2,
M stretchx,i′ ≈ (δi′,i − δi′,i+1)/
√
2.
(15)
These are the desired modes to implement two-qubit en-
tangling gates. The frequency splitting of these modes
is determined by the Coulomb interaction, ωCOM −
ωstretch ≈ e2/(4pi0d3i,i+1mωx), where di,i′ = |zi,0 − zi′,0|
is the distance between the equilibrium positions zi,0 of
the ions along the trap z axis, e is the elementary charge
and 0 is the vacuum permittivity. Second, the interac-
tion between pinned and spectator ions slightly admixes
oscillations of the spectator ions to the localized modes,
i.e., the mode vectors Eq. (15) acquire nonzero ampli-
tudes on ions i′ /∈ {i, i + 1}. This unwanted effect is
strongly suppressed if the difference between the squares
of the local oscillation frequencies of the pinned and spec-
tator ions, as given in Eq. (A3), is large in comparison
to their residual Coulomb interaction.
More generally, for transverse x phonon modes of a
chain of ions with mean spacing d, the regime of strong
pinning in which localized phonon modes emerge can be
conveniently characterized in terms of two dimensionless
parameters:
 =
√
e2
4pi0d3mω2x
, ν0 =
ω0
ωx
, (16)
where for simplicity we assume that all ions are pinned
with the same optical trapping frequency ω0. As detailed
in Appendix A, localized COM and stretch modes of a
pair of pinned ions decouple from the motion of spectator
ions if ν20/
2  1.
In experiments,  is typically a small parameter. For
example, we obtain  ≈ 0.07 for a spacing of d = 10µm
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Figure 2. (a) N = 60 ions in an array of optical tweezers
which subdivides the chain into groups of p = 6 six ions.
The first and last five buffer ions are not used as qubits. (b)
Mode matrix Mnx,i for transverse x modes. Orange and gray
shading indicate pinned and buffer ions, respectively. Blue
shading marks modes which are superpositions of localized
COM and stretch modes of pairs of pinned ions. (c) Phonon
mode spectrum for ν0 = 0.4 and, for comparison, without
tweezers, i.e., for ν0 = 0. Transverse x and y modes and
longitudinal z modes are shown, respectively, in blue, green,
and orange. We assume that the ratio of transverse trapping
frequencies is given by ωy/ωx = 0.8.
in a chain of 24Mg+ ions with a transverse trapping
frequency of ωx = 2pi × 5.5 MHz, or 40Ca+ ions with
ωx = 2pi× 4.2 MHz. The ratio ν20/2 can be increased by
either increasing the tweezer trapping frequency ω0 or by
increasing the spacing of the ions d.
B. Localized phonon modes in a finite chain
As an example, we consider a chain of N = 60 ions as
depicted in Fig. 2(a). We assume harmonic confinement
along the trap z axis with trapping frequency ωz. Start-
ing from the sixth ion, optical tweezers are arranged to
divide the chain into groups of p = 6 ions. The result-
ing mode matrix Mnx,i for i, n ∈ {1, . . . , N} for oscilla-
tions in the transverse x direction is shown in Fig. 2(b).
Orange boxes mark pinned ions, and gray boxes indi-
cate buffer ions at the ends of the chain. The spacing
of these ions deviates strongly from the approximately
uniform spacing in the center of the chain, and we ex-
clude them from gate operations. As explained above,
the residual Coulomb coupling leads to the formation of
localized COM and stretch modes of the pinned pairs.
In the figure, COM and stretch modes are distinguished
by the same color of Mnx,i and M
n
x,i+1 for two neigh-
boring ions which oscillate in phase and different colors
for oscillations with opposite phase. As an additional
effect which is due to the long-range character of the
residual Coulomb interaction, the localized modes of dis-
tinct pinned pairs hybridize, where the number of ions
in pinned pairs, which is 18 for this example, determines
the number of hybridized modes. These modes are high-
lighted by blue shading in the figure.
To perform entangling gates on pairs of pinned ions,
the hybridization of localized phonon modes is in prin-
ciple not desirable. However, as long as the frequency
splitting of the localized modes due to the hybridization
is so small that it cannot be resolved on the time scale
of the gate operation, the hybridization has only a small
effect on the gate performance. This picture generalizes
the concept of local oscillation modes from single ions [55]
to pairs of ions.
The order of mode indices n in Fig. 2(b) reflects the
mode frequency, with n = 1 corresponding to the mode
with the highest frequency. For transverse oscillations,
this is a COM-like mode, which is given here by the in-
phase oscillation of local COM modes of the outermost
pairs. The second-highest frequency mode with n = 2,
in turn, corresponds to a superposition of the local COM
modes of the outermost pairs with opposite phase. For
this example, due to the reflection symmetry with regard
to the center of the trap, these hybridized modes are
equal superpositions of oscillations of pairs to the left
and right of the trap center. Superpositions of local COM
modes are followed at lower frequencies by superpositions
of local stretch modes.
The phonon mode spectrum of the chain, both with
and without tweezers, is shown in Fig. 2(c). The spec-
tra of oscillations in the longitudinal z and transverse x
direction, which are shown in orange and blue, respec-
tively, are strongly modified in the presence of tweezers
with strength ν0 = ω0/ωx = 0.4: The spectrum of oscilla-
tions along the trap z axis is gapped [21], and the almost
dense set of frequencies splits up into several subsets.
Most prominently, both for the z and x modes, a sub-
set of modes, which correspond to hybridized COM and
stretch modes of the pinned pairs, appear shifted above
the remaining mode frequencies. For the transverse x
direction, the assignment between mode frequencies and
mode vectors is indicated with blue and green shading.
The spectrum of transverse y modes, which is shown in
green in Fig. 2(c), is not affected by the tweezers because
we neglect the trapping along the direction of the tweezer
beam.
C. Phonon band structure for infinite chains
To demonstrate the inherent scalability of our ap-
proach, we also present theoretical results for tweezer
gates in infinite ion chains as illustrated in Fig. 3(a). In
the simultaneous limit N → ∞ and ωz → 0, the sys-
tem acquires discrete translational invariance under the
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Figure 3. (a) Infinite ion chain with optical tweezers forming
a periodic array with unit cell size p = 6. (b) Mode matrix
Mk,n,λx,l,i for l = k = 0 and λ = 1. COM and stretch modes
of the pinned ions are clearly decoupled from the ions which
are not pinned. (c) Phonon mode spectrum for an infinite
chain. Transverse x and y modes and longitudinal z modes are
shown, respectively, in blue, green, and orange. We show the
spectra both with and without optical tweezers. The spatial
periodicity imposed by tweezers causes the dense bands of the
x and z modes in the infinite system to split up into p = 6
bands, where the highest two bands correspond to COM and
stretch modes of pinned pairs.
transformation i 7→ i + p, where p is the size of the unit
cell of the spatially periodic arrangement of tweezers. We
note that discrete translational symmetry is also realized
in ring traps [56]. To account for this translational in-
variance, it is convenient to label the positions of ions as
(l, i) with unit cell index l ∈ Z and position i ∈ {1, . . . , p}
within a unit cell. The ions at positions i ∈ {1, 2} are
pinned whereas the remaining ions at i ∈ {3, . . . , p} are
not pinned.
The normal modes of a periodic ion crystal can be
found by using concepts from band theory of electrons in
solids as detailed in Appendix A 2. In particular, trans-
lational invariance with respect to the unit cell index l
can be accounted for by representing the phonon modes
as plane waves ∼ eikl with quasimomentum k. Because
the phonon mode vectors are real, the quasimomentum
can be restricted to the interval k ∈ [0, pi]. We note that
the plane wave representation implies that phonon modes
are stretched out over the entire chain. In other words,
the localized COM and stretch modes of pinned pairs in
different unit cells hybridize uniformly.
The phonon mode structure for infinite systems is il-
lustrated in terms of the mode matrix Mk,n,λα,l,i (see Ap-
pendix A 2) in Fig. 3(b) for α = x, l = 0, k = 0, and
λ = 1. Within a unit cell, there is a clear separation
between modes n = 1 and n = 2 which correspond, re-
spectively, to COM and stretch oscillations of the pinned
ions, and the modes with n ∈ {3, . . . , p} which involve
the ions which are not pinned.
As shown in Fig. 3(c), modifications of the mode fre-
quencies due to tweezers are particularly clear in infi-
nite systems: The bands which are formed by z and x
modes split up into p = 6 bands in the presence of tweez-
ers. In particular, COM and stretch modes of the pinned
pairs hybridize between unit cells to form bands. The
widths of these bands are vanishingly small on the scale
of the figure. Moreover, close inspection reveals that the
width of the stretch band is smaller than the width of the
COM band by one order of magnitude. These features of
the COM and stretch bands can be understood in terms
of perturbation theory in the small parameter 2/ν20 as
we show in Appendix A 2. The perturbative treatment
shows that the widths of the COM and stretch bands
are ∼ 2ωx/p3 and ∼ 2ωx/p5, respectively. That is, the
widths are suppressed with the size of the unit cell p,
with an even stronger suppression for the stretch band.
IV. ENTANGLING TWEEZER GATES
The optical design of phonon modes as described above
forms the basis to implement parallel two-qubit entan-
gling gates. In the following, we discuss the requirements
for and performance of tweezer gates in infinite as well
as finite ion chains.
A. Infinite chains
We consider a periodic array of pinned pairs of ions
which are separated by p− 2 spectator ions, and we aim
at performing two-qubit entangling gates on all pairs
of pinned ions in parallel. As illustrated in Fig. 3(b)
the spectrum of transverse x phonon modes comprises p
bands with mean frequencies ωn and bandwidths ∆n.
We aim at implementing gates using dominantly the
COM or stretch bands with mean frequencies ω1 = ωCOM
and ω2 = ωstretch respectively. This can be achieved if
the resolved-sideband condition
|µ− ωn|  µ, ωn, (17)
is met where µ > ω1 for the COM band with n = 1, and
µ < ω2 for the stretch band with n = 2. The choice of
tuning above the COM or below the stretch band ensures
that the detuning µ is as far away as possible from the
respective other band which should not be excited.
Note that contributions from higher bands with n ∈
{3, . . . , p} to the displacement (5) and qubit-qubit cou-
pling (6) are strongly suppressed: First, these bands
are far detuned with µ − ωn & ω0 with the frequency
of the optical potential ω0; Second, the contribution of
these bands to the displacement (5) and the qubit-qubit
coupling (6) is proportional to |ηk,n,λl,i Ωi|/ω0, which is
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Figure 4. Phase space trajectories for parallel entangling gates
in an infinite chain. (a) Displacement of the phonon mode
k, n, λ due to its coupling to the ion at position l = i = 1
as described by Eq. (5). For the chosen detuning close to
µstretch in Eq. (19), the stretch mode with n = λ = 2 and
k ≈ 1.55 such that ωk,2 = ω2 equals the mean frequency
of the stretch band experiences the strongest displacement.
The phase space trajectory of the COM mode with the same
values of k and λ forms a smaller circle which is traversed
twice. Trajectories of modes with n ≥ 3 are not visible on the
scale of the figure. (b) Closer inspection reveals that the phase
space curves for different values of k are not perfectly closed.
The area under the squared modulus of the displacement at
the end of the gate operation, shown here for n = λ = 2,
determines the infidelity (11). Parameters of the ion chain
are p = 6, ν0 = 0.4, and  = 0.07.
suppressed in the limit of strong pinning by a factor of
ηk,n,λl,i ∼ 2/ν20 for pinned ions at positions (l, i) as fol-
lows from the perturbative treatment presented in Ap-
pendix A 2. Moreover, as detailed below we find that
typically Ωi is smaller than ω0 by an order of magnitude.
We note that due to the proportionality to Ωi, by setting
Ωi = 0 for the ions which are not pinned, these do not
contribute to the infidelity and the crosstalk.
The precise values of µ and, in particular, τ , follow
from the condition of minimal infidelity. For an isolated
pair of ions with COM and stretch mode frequencies ω1
and ω2, respectively, this can be achieved for [41, 44]
(µ− ωn) τ = 2piln, (18)
where ln is an integer. Particular choices for gates which
use dominantly the COM and stretch modes are given
by, respectively, l1 = 1 and l2 = 2, and l1 = −2 and
l2 = −1. The resulting detunings are
µCOM = 2ω1 − ω2, µstretch = 2ω2 − ω1, (19)
and in both cases the gate duration τ = 2pi/(ω1 − ω2)
is set by the mode splitting. These choices of detunings
and gate duration ensure that the displacement (5), when
considered as a function of the upper limit of integration
τ ′ ∈ [0, τ ], performs a closed loop in phase space [38–41].
In the present case of an infinite chain, condition
Eq. (18) remains valid in the case of two narrow bands,
if the bandwidths ∆n are sufficiently small in the sense
that ∆nτ  1. However, clearly this condition cannot
be met for all frequencies ωk,n which form a band and
correspond to different quasimomenta k. For the results
we show below, we first fix τ according to Eq. (18) for
either the COM or the stretch band by setting either
l1 = 1 or l2 = −1 and by choosing ωn as the mean fre-
quency of the respective band, and we then determine
numerically the value of µ which yields the lowest in-
fidelity, which typically deviates only slightly from the
values given in Eq. (19). As above, the Rabi frequency
Ωl,i = Ω0 on the pinned ions is chosen according to the
condition χl,l
′
i,i′ = ±pi/4 if (l, i) and (l′, i′) are neighboring
pinned ions, i.e., l′ = l and i′ = i+ 1. For the remaining
ions which are not pinned, we set Ωl,i = 0.
We first consider the implementation of parallel gates
which use the stretch band in an ion chain with p = 6,
 = 0.07 and ν0 = 0.4. To minimize the infidelity we
choose µ/ωx ≈ 1.065 and ωxτ ≈ 1.37× 103 as described
above. The required Rabi frequency to perform a maxi-
mally entangling gate is given by η0Ω0/ωx ≈ 4.75×10−3,
where the dimensionless factor
η0 = kL,x
√
~/(2mωx) (20)
contains all parameters in the definition of the Lamb-
Dicke parameter matrix (2) which are specific to different
ionic species.
In panel Fig. 4(a), we show the displacement (5) as a
function of the upper limit of integration τ ′ ∈ [0, τ ] and
for n = 1, 2 and k ≈ 1.55 which corresponds to the mean
frequency ω2 of the stretch band. These values of n and
k yield the largest values of the displacement, i.e., the
corresponding modes contribute most to the gate. On
the scale of the figure, the displacement for bands with
n ≥ 3 is not visible. The physical picture described below
Eq. (19) is clearly reflected in the figure: The phase space
trajectories for both the stretch and the COM modes
shown in the figure are closed, where the trajectory of the
COM mode is traversed twice. However, closer inspection
of the vicinity of the origin reveals that the trajectories of
modes which belong to the COM band and have different
values of the quasimomentum k do not close perfectly.
In panel Fig. 4(b) we show the displacement at the end
of the gate operation as a function of k for both the
8stretch and the COM bands. According to Eq. (11), the
area under these curves determines the infidelity, and
the figure shows that the dominant contribution to the
infidelity is indeed due to the COM modes. We find
δF = 5.7× 10−4.
The infidelity is higher for gates which use predomi-
nantly the COM band. This is because the width of the
COM band is much larger than the width of the stretch
band and, therefore, the phase space trajectories for dif-
ferent k deviate more strongly from perfect closure. In
particular, for µ/ωx ≈ 1.079 slightly below the COM
band, ωxτ ≈ 1.37× 103, and η0Ω0/ωx ≈ 4.77× 10−3, we
obtain δF = 2.1 × 10−3 which is higher than the value
we obtain for the stretch band by an order of magnitude.
We next analyze over-/underrotation errors and
crosstalk as defined in Eqs. (13) and (14), respectively.
For the implementation of gates we discuss in this sec-
tion, the Rabi frequency is chosen such that χi,i′ = χ
0
i,i′
for (i, i′) ∈ I, i.e., the over-/underrotation error vanishes
exactly, δχ = 0.
However there is unwanted crosstalk corresponding to
nonzero qubit-qubit couplings between ions which be-
long to distinct pairs. The dominant contributions to
crosstalk are due to (i) unwanted excitation of the stretch
or COM band, and (ii) the finite width of these bands.
Concerning (i), we note that for a given detuning, say
µ > ω1, the COM and stretch bands induce ferromag-
netic and antiferromagnetic couplings. In other words,
they yield contributions to χl,l
′
i,i′ with opposite sign, which
thus partially cancel each other. This partial cancellation
has to be compensated by increasing the Rabi frequency
Ω0 to achieve χ
l,l′
i,i′ = ±pi/4 on the target ions, which
then, however, also increases unwanted couplings which
contribute to the crosstalk (14). This effect is suppressed
by tuning close to a sideband Eq. (17), i.e., by dominantly
exciting either the COM or the stretch band.
With regard to (ii), the fact that a finite bandwidth
leads to crosstalk can be understood intuitively from the
fact that the effective coupling between local (within sin-
gle unit cells) COM or stretch modes determines the
bandwidth. Crosstalk is negligible if the effective cou-
pling and thus the bandwidth is much smaller than all
other relevant scales. In particular, the finite bandwidth
can be neglected and ωk,n for the COM and stretch bands
can be replaced by the respective central frequencies ωn
in Eq. (6) if
|µ− ωn|  ∆n. (21)
We note that by Eq. (17) this also implies that µ, ωn 
∆n. If we combine this condition with Eq. (18) for the
gate duration, we find the intuitive criterion that to min-
imize crosstalk the gate should be performed fast on the
timescale which is set by the effective coupling between
pinned pairs. This picture generalizes the concept of lo-
cal oscillation modes from single ions [55] to pairs of ions.
We note that the mentioned condition can always be met
efficiently by increasing the size of the unit cell p.
Figure 5. Gate performance for an infinite chain. The main
panel shows the dependence of the infidelity on the parame-
ters ν0 and . δF = 10
−3 on the black line across the diag-
onal. In the white region, the optical potential is insufficient
to decouple the pinned ions from the other ions in the chain.
The insets show the gate time τ and the crosstalk C for fixed
infidelity δF = 10−3.
For the gate shown in Fig. 4, we find C = 4.1× 10−2.
The crosstalk for a gate using the COM band and with
p = 6 is C = 1.7×10−1, i.e., again one order of magnitude
higher than for the stretch band. The crosstalk can be
reduced by increasing the unit cell size p. In particular,
for gates which use the stretch band and for p ≥ 9, we
obtain C < 10−2 such that C/χi,i′ < 1 % for (i, i′) ∈ I.
Finally, we note that while the long-range character
of the residual Coulomb interaction has the adverse ef-
fect of leading to crosstalk between distant qubits, it can
also be utilized to implement gates between qubits which
are not nearest neighbors. This can be achieved, for ex-
ample, by pinning the ions at positions 1 and q where
2 < q  p within each unit cell. This leads to a reduc-
tion of the splitting between the COM and stretch bands
by a factor of ∼ 1/(q − 1)3, and the gate time increases
correspondingly according to Eq. (18).
B. Gate performance
We study how infidelity, crosstalk and gate duration
depend on the tweezer pinning strength as measured by
the dimensionless optical trapping frequency ν0, and the
strength of the residual Coulomb coupling  in Fig. 5.
The main panel of this figure shows the infidelity δF for
p = 6 and for optimized choices of gate duration and
detuning as discussed above. For large values of  in
the white region, the gap which separates the COM and
stretch bands is more than half of the gap which sepa-
rates the stretch band from the bands of the ions which
are not pinned and, therefore, the pinned ions are not suf-
9ficiently decoupled from the ions which are not pinned.
In this region, gates cannot be performed with reasonable
infidelity. High-fidelity gates can be performed for values
of  below the black diagonal line, which corresponds to
a threshold value of δF = 10−3.
We next analyze how the gate speed and crosstalk are
affected by the optical trapping frequency ν0 for a fixed
value of the infidelity δF = 10−3, i.e., for  on the black
diagonal line in Fig. 5. The inset in the upper left corner
of the figure shows the gate duration for various values of
the unit cell size p. The gate duration is set by the split-
ting between COM and stretch bands, which according
to Eq. (A16) is proportional to 2 for  1. The result-
ing analytical prediction of the scaling τ ∼ 1/2 ∼ 1/ν20
on the line δF = 10−3 is shown as dashed gray line in
the inset and agrees well with the numerical data. (The
vertical offset between the gray line and the numerical
data is introduced to improve the visibility.) For ν0 in
the range from 0.1 to 0.4, we obtain gate durations be-
tween ωxτ = 0.05 × 104 and 104. For a typical value of
ωx = 2pi×3 MHz, this corresponds to gate times ranging
from 27µs to 531µs.
The crosstalk for fixed infidelity δF = 10−3 is shown
in the inset in the lower right corner in Fig. 5. While the
crosstalk remains approximately constant as a function
of ν0, it can be suppressed by increasing the unit cell size
p. As already stated above, we find C < 10−2 for p ≥ 9.
C. Finite chains
Here we show how the methods for implementing par-
allel tweezer gates can be applied in finite 1D ion strings.
For concreteness, we assume harmonic trapping along
the trap z axis. In contrast to before the Hamiltonian
in question is no longer invariant under discrete transla-
tions, which leads to stark changes in the mode spectrum
as well as the mode functions themselves (see the discus-
sion around Fig. 2). As we point out further below this is
not necessarily a negative aspect and indeed further im-
proves the gate performance. For this, the detunings µi,
the Rabi frequencies Ωi(t) in Eq. (1), and the gate time
have to be controlled for each ion pair. This is due to the
fact that for each pair of target ions and in order to fulfill
Eq. (18) one has to identify the corresponding COM and
stretch mode and choose the detuning and the gate time
accordingly. These deviations are strongest for ions at
the ends of the chain where the inter-ion distances are
considerably larger than for the rest of the chain. There-
fore, we introduce several buffer ions on each end which
are not used for quantum computation. We choose the
number of buffer ions such that the relative standard de-
viation for the inter-ion distances of the other ions lies
below 10 %. Furthermore, we choose the axial trapping
frequency ωz such that the mean inter-ion distance of the
non-buffer ions corresponds to  = 0.07, i.e., the value
that we chose for the infinite system.
In Fig. 6 we show numerical results for a system of 130
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Figure 6. Tweezer gates in finite chains. We show individual
detunings and Rabi frequencies for 17 maximally entangling
tweezer gates targeting the stretch mode along a chain of 130
ions with 15 buffer ions on each side (p = 6,  ≈ 0.07). Optical
tweezers generate a trapping frequency that is uniform ν0 =
0.4 and alternating between ν01 = 0.4 and ν02 = 0.36 for
panels (a) and (b), respectively. For comparison, we also show
the detuning µ∞ and Rabi frequency Ω∞ for an infinite chain
with  = 0.07 and ν0 = 0.4.
ions, 15 of which on each side are used as buffer ions.
As before we choose p = 6 to implement a total num-
ber of 17 maximally entangling gates in parallel. The
two panels in Fig. 6 correspond to different schemes of
optical pinning by the tweezers: In panel (a), each pair
of target ions is pinned with the same tweezer strength
ν0 = 0.4, whereas in panel (b), tweezer strengths alter-
nate between the values ν01 = 0.4 and ν02 = 0.36. For
both cases we show the detuning and the required Rabi
frequency for each gate along the chain. As for the in-
finite chain, the detunings are optimized with regard to
optimal infidelity around the estimate given by Eq. (19)
for the stretch mode of each pair. The required detun-
ings lie around the value obtained in the infinite case
(blue dashed line in Fig. 6) but are lower in the center
and higher at the edge of the chain. This is due to the
disparity in the mode frequencies: As indicated in Fig. 2,
modes that are localized at the edge of the ion chain have
higher frequencies and smaller gaps compared to those at
the center. The maximal gate duration ωxτ = 2670 is the
same for Fig. 6(a) and Fig. 6(b) and occurs at the edge
of the ion chain. This can be attributed to the differ-
ence in the inter-ion distances that influence the gap be-
tween the COM and the stretch mode of a given ion pair:
Larger distances implicate weaker interactions and hence
a smaller gap leading to slower gates and vice versa (see
Eq. (18)). Furthermore, since the gate duration is larger
at the edge, the Rabi frequency, which is also shown in
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Figure 7. Tweezer misadjustments. We show the infi-
delity (11) (blue) and the over-/underrotation error (13) (or-
ange) as a function of the strength of fluctuations σ for
three types of misadjustments and for their combination.
For each type of misadjustment, the infidelity and the over-
/underrotation error are averaged over 40 realizations. We
consider here a chain of 130 ions with 15 buffer ions on each
side, and parameters p = 6,  ≈ 0.07, and ν0 = 0.4.
Fig. 6, has to be lower in order to realize a maximally
entangling gate.
We note that while the choice of Rabi frequencies
shown in Fig. 6 leads to maximally entangling gates with
χi,i+1 = −pi/4 for all pairs of qubits, different and inde-
pendent values of χi,i+1 can be achieved by lowering the
individual Rabi frequencies.
As before we quantify the performance of the gate
through average infidelity Eq. (11) and average crosstalk
Eq. (14). For panels (a) and (b) in Fig. 6 we get
δFa = 9× 10−4, Ca = 2.8× 10−2 and δFb = 1.7× 10−3,
Cb = 6.5 × 10−3 respectively. If we compare these
values with those obtained in the infinite chain, i.e.,
δF∞ = 5.7 × 10−4 and C∞ = 4.1 × 10−2, we find that
while the infidelity is slightly worse, crosstalk is slightly
better in the finite case. The former is due to rare out-
liers with infidelities of order 10−2 in the middle of the
chain whereas the latter stems from the variation in mode
frequency (and hence detuning) and the tighter local-
ization of the COM and stretch modes for the different
gates. The alternating tweezer frequencies in Fig. 6(b)
amplify the latter effect which leads to further suppres-
sion of crosstalk.
D. Infidelity and over-/underrotation errors from
tweezer misadjustments
An important question for the experimental implemen-
tation of tweezer gates concerns the sensitivity of the gate
performance to misadjustments of the optical tweezer ar-
ray. To address this question, we consider three distinct
types of misadjustments: Deviations of the focuses of
the tweezers from the equilibrium positions of the ions,
variations in the optical trapping frequencies due to in-
tensity fluctuations of the tweezers, and misalignment of
the tweezers with the y direction. As figures of merit, we
study how these imperfections affect the infidelity as well
as the over-/underrotation error.
Including tweezer misadjustments in the optical poten-
tial (A4) for ion i ∈ {1, . . . , N} yields
V twzi (ri) =
m
2
(ω0,i + δωi)
2 |Π(θi, φi) (δri − δi)|2 . (22)
Here, δωi is a shift of the optical trapping frequency, δi is
the deviation of the focus of the tweezer from the equilib-
rium position of the ion ri,0 in the absence of an optical
potential, and δri = ri − ri,0 is the displacement of the
ion from ri,0. In Appendix C, we explain how the shift
of the equilibrium position of the ion due to deviations
of the focus of the tweezer from ri,0 can be calculated
perturbatively. Finally, the angles θi and φi describe the
misalignment of the tweezer beam with the y axis, and
Π(θi, φi) is the projector onto the plane orthogonal to the
tweezer beam axis. We assume that fluctuations of the
parameters δωi, δi, θi, and φi are normally distributed
around zero, independent for each ion, and constant on
the timescale of gate operations.
Figure 7 shows the infidelity and over-/underrotation
error as a function of the strength of misadjustments.
In particular, to generate the data shown in the fig-
ure, 40 samples of each of the dimensionless parameters
50δωi/ω0,i, δi/l0 where l0 = (e
2/4pi0mω
2
x)
1/3, θi, and
φi are drawn from a Gaussian distribution with width
σ. The factor of 50 for shifts of the optical trapping
frequency is introduced so that the infidelities and over-
/underrotation errors are comparable for all types of mis-
adjustments on the range of values of σ shown in Fig. 7.
If we require δF . 10−2 and δχ . 4×10−2, this allows for
standard deviations σ of approximately 0.04 to 0.05 (the
combination of all three types of misadjustments leads to
the slightly more stringent requirement σ . 0.02 to 0.03),
which can be related to misadjustments of 70 nm for the
tweezer focuses, 2◦ for the incidence angles, and 10 kHz
for the pinning frequencies, corresponding to relative in-
tensity errors of 3 × 10−3 in a typical experiment with
d = 10µm and ωx = 2pi × 3 MHz. All three conditions
can be satisfied in state-of-the-art experiments.
E. Dynamical reconfiguration of tweezer arrays
To perform consecutive layers of the quantum circuit
shown in Fig. 1(d) the tweezer array has to be reconfig-
ured dynamically. In particular, the second layer in the
circuit in Fig. 1(d) can be implemented by switching off
the tweezers which are focused on the ions which are af-
fected by the gates U1, U2, and U3, and by subsequently
switching on optical tweezers focused on the equilibrium
positions of the ions which are affected by the gates U4
and U5.
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The dynamical reconfiguration of the optical tweezer
array can cause heating by exciting phonon modes. Cru-
cially, throughout the switching process, the phonon
spectrum remains gapped, i.e., the smallest phonon fre-
quency is larger than zero as in the right panel in
Fig. 3(c), and heating is suppressed if the switching is
performed adiabatically with respect to the phonon gap.
Based on adiabatic perturbation theory, we derive con-
ditions for adiabaticity for the worst-case scenario of an
infinite ion chain in Appendix D. In this derivation, we
assume for simplicity that all phonon modes are cooled
to their ground state. We consider a switching proto-
col in which initially the first two ions within each unit
cell of size p are pinned, and at the end of the protocol
the second and third ion are pinned. That is, during a
time τs, optical tweezers on the first and third ion are
simultaneously switched off and on, respectively.
This process is adiabatic, i.e., the excitation of phonon
modes is suppressed, if ωxτs  8 for p = 4 and ωxτs  11
for p = 6, for  = 0.07 and ν0 = 0.4. Consequently, the
switching time can be much shorter than the gate dura-
tion, which is ωxτ ≈ 1400 for gates with minimal control
for the same values of  and ν0. Therefore, the total time
it takes to execute a quantum circuit is dominated by the
time for gate operations. Even shorter switching times
are permissible for smaller values of ν0 and larger values
of .
V. OPTIMIZED TWEEZER GATES
The optimal choice of detunings and gate durations
described above enables the implementation of parallel
entangling tweezer gates in finite and infinite ion chains
with a simple laser pulse. However, the density of the re-
sulting quantum circuits is restricted by crosstalk. This
limitation can be overcome and dense circuits as shown in
Fig. 8 can be realized with techniques of optimal coher-
ent control where gate operations are decomposed into
multiple laser pulses.
A. Infinite chains
To optimize the operation of parallel entangling gates,
we consider here the temporal modulation of the ampli-
tudes of the laser pules which drive the gates [27, 42, 44,
57–59]. Originally, optimization of the amplitude shape
was devised to implement fast gates with high fidelity.
Our focus is on suppressing crosstalk in order to imple-
ment circuits with high density and fidelity. The control
problem to be solved can be stated in terms of two con-
ditions: The first condition reads χi,i′ = χ
0
i,i′ , where we
set χ0i,i′ = −pi/4 for (i, i′) ∈ I and χ0i,i′ = 0 for (i, i′) ∈ I ′,
and where the sets of pairs of ions I and I ′ are defined as
in Eqs. (7) and (12). The second condition, αni = 0, en-
sures that there is no infidelity due to residual entangle-
ment between qubits and phonon modes. To meet these
Figure 8. Schematic setup for dense circuits. (a) In a setup
in which pairs of ions which pinned and not pinned alternate,
gates can be performed on all ions in parallel. This leads to
the realization of dense circuits as illustrated in (b). Main-
taining high fidelity and low crosstalk in such circuits requires
optimal coherent control techniques.
conditions, we introduce as independent control param-
eters a variable number S of pulse amplitudes Ωsi and
detunings µi for ions i ∈ {1, . . . , N}. Specifically, the
laser pulse which affects ion i with detuning µi is divided
into S segments of equal duration with constant pulse
amplitude Ωsi within a segment such that Ωi(t) = Ω
s
i for
(s− 1) τ/S ≤ t < sτ/S. If both of the above conditions
are satisfied exactly, the implemented gate U in Eq. (3)
is identical to the ideal gate U0 in Eq. (7). In prac-
tice, however, it is not possible to find exact solutions
of this control problem. Instead, we search for approxi-
mate solutions by formulating the above conditions as an
unconstrained optimization problem, i.e., we formulate a
cost function L which has to be minimized with respect
to Ωi =
(
Ω1i , . . . ,Ω
S
i
)
and µi for given τ . A minimum
with L = 0 would correspond to an exact solution of the
control problem.
The definition of a cost function L is not unique and
we work with the choice L = Lχ + Lα, where
Lα =
N∑
i=1
(
N∑
n=1
αni
)2
, Lχ =
∑
(i,i′)∈J
(
χi,i′ − χ0i,i′
)2
,
(23)
and J is a set of ion pairs which is specified below. Lχ
corresponds to the simplest polynomial in Rabi frequen-
cies which has a minimum with Lχ = 0 at χi,i′ = χ
0
i,i′ .
The square in the definition of Lα ensures that Lα is a
polynomial of Rabi frequencies of the same order as Lχ.
More details can be found in Appendix E.
We consider now an infinite chain which is subdivided
by optical tweezers into unit cells of size p = 4. Our goal
is to perform entangling gates on both the set of pinned
ions as well as the set of ions which are not pinned to
realize a maximally dense quantum circuit as illustrated
in Fig. 9. Crosstalk between these two sets of ions is
suppressed through the small spatial overlap of the re-
spective phonon modes. Therefore, we minimize the cost
function for both sets independently, and we calculate
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the infidelity and crosstalk which result from perform-
ing the independently optimized gates simultaneously a
posteriori.
To suppress crosstalk within each set of ions, it is suf-
ficient to allow for only a small number G of indepen-
dent sequences of Rabi frequencies Ωi: First, we choose
the sequences of Rabi frequencies to be the same for
two neighboring pinned or not pinned ions, i.e., we set
Ω2i−1 = Ω2i. Second, since crosstalk is negligible for suf-
ficiently distant pairs of ions, we limit the “active” sup-
pression of crosstalk through the minimazition of L to a
group of G neighboring pairs of ions within each subset.
The resulting G independent sequences Ωi are applied
periodically in space, that is, we set Ωi = Ωi+4G. Thus,
for gates on pinned ions, the set J in Eq. (23) contains
pairs (i, i′) for which the first is any one of the pinned
ions up to unit cell G, i ∈ {1, 2, 5, 6, . . . , 4G− 3, 4G− 2}
and i′ runs over all ions to the right of i. For gates on
ions which are not pinned, the first ion i in (i, i′) is in the
set i ∈ {3, 4, 7, 8, . . . , 4G − 1, 4G} and again i′ runs over
all ions to the right of i.
The gate optimization for infinite systems is illustrated
in Fig. 9 for ωxτ = 1500, S = 8, and G = 4. Panel 9(a)
shows the mode spectrum for p = 4 with COM and
stretch bands both for the set of pinned and not pinned
ions. We minimize L independently for both sets of ions
for detunings µ in ranges indicated by blue shaded areas.
Panel 9(b) shows the corresponding values of the cost
function as the detuning is varied. The optimal detun-
ing for each set is determined by the global minimum of
L. Panel 9(c) shows the optimal sequences of Rabi fre-
quencies both in the time domain and in discrete Fourier
space. The Fourier representation is defined as
Ω˜ = FΩ, Fs,s′ =
1√
S
sin(pis (s′ − 1/2)/S), (24)
which corresponds to a discrete sine transform. Interest-
ingly, the Fourier representations of the optimal pulse se-
quences are first of all dominated by few Fourier modes.
Moreover, the dominant Fourier modes alternate along
the ion chain, with a pulse sequence which contains only
odd Fourier components being followed by a sequence
that is composed of even Fourier components and vice
versa. This observation hints at a mechanism to suppress
crosstalk which is akin to refocusing circuits [60, 61]. We
stress that this mechanism is “discovered” here by an
unbiased optimization algorithm.
If the independently optimized sets of gates are
performed simultaneously, we find an average over-
/underrotation error and crosstalk per gate of δχ ≈
2.3 × 10−7 and C ≈ 2.2 × 10−3, respectively, and an
average infidelity of δF ≈ 3.3 × 10−4. While the infi-
delity is comparable to the results presented in Sec. IV A,
crosstalk is significantly lower even though we consider
here entangling gates acting on all ions in parallel. The
values of the infidelity and crosstalk as well as the gate
speed can be improved further by increasing the num-
ber of segments S and the number of independent gates
G. As noted above, this will lead to a concomitant in-
crease of the required maximum Rabi frequency, which
sets a limit on the achievable gate performance. At the
same time, the complexity of the optimization problem
as determined by the number of independent parameters
grows linearly both with S and G.
B. Finite chains
The results of the previous section show that optimal
control can successfully be employed in order to imple-
ment dense and parallel tweezer gates in a periodic chain
of equidistant ions. For this the periodicity of the system
is a crucial requirement since then a small number of op-
timized pulse sequences can be repeated along the chain.
We now introduce a method for finite chains that does
not require periodicity. The central idea is to employ op-
timal control techniques given in Ref. [42] in order to in-
dependently optimize the infidelities for each tweezer gate
and subsequently suppress crosstalk through the choice
of laser detunings.
As in the previous section we divide the gate dura-
tion into S segments with different but constant Rabi
frequencies Ωsi for s ∈ {1 . . . S} and ions i ∈ {1 . . . N}.
The authors of Ref. [42] describe how to choose such a se-
quence of Rabi frequencies in order to implement a single
two-qubit gate for given gate duration and laser detun-
ing and with minimal infidelity. Below we extend their
ideas to dense quantum circuits of parallel tweezer gates
as shown in Fig. 8(b). Our method works as follows: In
a first step for each target ion pair (i, i′) ∈ I we deter-
mine a set of detunings µ in the vicinity of the corre-
sponding localized modes for which an optimized pulse
sequence yields an infidelity below a certain threshold
value δFthresh. Secondly we apply an iterative optimiza-
tion algorithm to choose a detuning µ(i,i′) from each of
these sets such that the total crosstalk becomes small for
µ = (µ(i,i′))(i,i′)∈I . This is done by looping through the
target pairs I from the left end of the chain to the right
end while applying the following routine: For the first
pair, as well as in the case that for a given pair there is
no detuning for which δF < δFthresh, select the detuning
that yields the lowest infidelity. Else select the detuning
that minimizes crosstalk with all other pairs for which
the detuning has already been fixed. Below we choose
to iterate the optimization 5 times which is sufficient to
achieve convergence.
In Fig. 10 we show numerical results for a system of 130
ions with 15 buffer ions on each side. As in the infinite
case we choose p = 4 in order to implement a dense cir-
cuit consisting of 50 maximally entangling tweezer gates
in parallel, using individual optimal control and the it-
erative optimization as described above, where we set
δFthresh = 10
−3. As in the previous section we allow
S = 8 segments for each pulse sequence and we choose
a gate duration of ωxτ = 1500. This yields an infidelity
δF = 10−5 and a crosstalk C = 2.77 × 10−4 for a max-
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Figure 9. Pulse optimization in an infinite chain. (a) Phonon mode spectrum for p = 4, ν0 = 0.4, and  = 0.07. (b) The
minimization of the cost function L is performed independently for pinned and not pinned ions. The upper and lower panels
show the cost function for optimal sequences of Rabi frequencies for a range of detunings around the COM and stretch bands
of pinned and not pinned ions, respectively. (c) For the optimal detunings we show the corresponding G = 4 independent
sequences of S = 8 Rabi frequencies both in the time domain and in discrete Fourier space. Purple and green correspond to
positive and negative Rabi frequencies respectively. The Fourier representations are dominated by few modes which belong to
subspaces of Fourier space which alternate along the chain: A pulse sequence which contains only odd Fourier components is
followed by a sequence that is composed of even Fourier components and vice versa.
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Figure 10. Pulse optimization in a finite chain. We show the
chosen detunings (see main text) to implement a dense circuit
of 50 parallel, maximally entangling tweezer gates in a chain
of 130 ions with 15 buffer ions on each side (p = 4, ν0 = 0.4,
 ≈ 0.07). The horizontal lines mark the mode frequencies.
We allow S = 8 segments and set the gate duration to ωxτ =
1500, which requires a maximal Rabi frequency of η0Ω/ωx =
0.007. We get average infidelity δF = 10−5 and crosstalk
C = 2.77× 10−4.
imal Rabi frequency of η0Ω/ωx = 0.007. If higher Rabi
frequencies are available one could increase the number
of segments for the pulse sequences in order to further
improve infidelity or to speed up the gate [42].
VI. OUTLOOK
In this work, we developed the implementation of scal-
able parallel gate operations using localized transverse
phonon modes generated by optical tweezers. To be con-
crete, we considered quantum circuits with spatially re-
curring structures of nearest-neighbor two-qubit gates as
illustrated in Figs. 1(d) and 8(b). The dynamical recon-
figurability of programmable tweezer arrays enables re-
shaping phonon modes on the fly. This is a key feature of
optical segmentation of ion chains and facilitates the ef-
ficient implementation of universal parallelized quantum
circuits.
Immediate extensions of the methods developed in this
paper are illustrated schematically in Fig. 1(a). First,
multi-qubit gates can be performed on subregisters which
are separated by “optical tweezer walls” [21]; second, the
COM and stretch modes of pairs of distant ions can be
used to implement entangling gates for qubits which are
not nearest neighbors. Combining these capabilities leads
to the realization of 1D quantum networks which connect
nodes that correspond to subregisters of long 1D chains.
Beyond these opportunities for quantum algorithms
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and gate-based digital quantum simulation, designer
phonon modes which are shaped through optical poten-
tials open up new possibilities for analog quantum sim-
ulation, which can be realized through virtual far off-
resonant excitation of phonon modes.
In addition to the applications of optical tweezers in
the implementation of quantum gates and the design
of Hamiltonians for analog quantum simulation, they
also provide new possibilities to tackle challenges on a
more fundamental level of quantum hardware design.
For example, while we focused here on programming the
phonon mode structure for a given configuration of the
ion chain, where the equilibrium positions of the ions are
fixed by the trapping potential and Coulomb interactions,
and tweezers are focused on the equilibrium positions,
also the equilibrium positions themselves can be shifted
by using optical forces. This enables, e.g., to achieve
uniform ion spacings along the chain to facilitate individ-
ual control by addressed laser beams for gate operations,
and thus provides an alternative to anharmonic poten-
tials [42, 62]. Further, laser cooling of phonon modes can
be carried out more efficiently in an ion chain which is
divided into subregisters [21].
An interesting question concerns the extension of the
methods developed in this paper to 2D and 3D struc-
tures [63–65]. Further studies are required to elucidate
the interplay between micromotion [66, 67], which is not
negligible in specific spatial directions, and the localiza-
tion properties of phonon modes in higher dimensions.
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Appendix A: Phonon modes in 1D ion chains with
optical tweezers
In the following, we derive phonon mode matrices
Mnα,i and mode frequencies ωα,n for finite and infinite
1D chains of trapped ions which are subject to pro-
grammable arrays of optical tweezers.
1. Phonon modes of finite chains
The Hamiltonian for the classical 3D motion of N ions
in a harmonic trap reads
H0 =
N∑
i=1
(
p2i
2m
+ V (ri)
)
+
e2
4pi0
N∑
i<i′=1
1
|ri − ri′ | , (A1)
where ri = (rx,i, ry,i, rz,i)
ᵀ
= (xi, yi, zi)
ᵀ
and pi =
(px,i, py,i, pz,i)
ᵀ
are, respectively, the position and mo-
mentum of ion i, and the electronic trapping potential is
given by V (r) =
∑
α∈{x,y,z}
1
2mωαr
2
α. We assume tight
confinement in the transverse x and y directions, such
that the equilibrium positions ri,0 of the ions are along
the z axis, ri,0 = (0, 0, zi,0)
ᵀ
, and form a linear 1D chain.
If the number of ions N is increased, the axial trapping
frequency ωz has to be reduced for the linear configura-
tion of the ion chain to remain stable [68–70].
Phonon modes of the ion chain correspond to quan-
tized small-amplitude oscillations of the ions around their
equilibrium positions. An expansion of the Hamiltonian
Eq. (A1) to second order in δri = ri − ri,0 leads to
H0 =
∑
α∈{x,y,z}H0,α where
H0,α =
N∑
i=1
(
p2α,i
2m
+
1
2
mω2α,iδr
2
α,i
)
+
e2sα
4pi0
N∑
i<i′=1
δrα,iδrα,i′
|zi,0 − zi′,0|3 , (A2)
with sx = sy = 1 and sz = −2. To this order of the ex-
pansion, oscillations of the ions in the transverse x and y
directions and the longitudinal z direction decouple. The
ions perform harmonic oscillations around their equilib-
rium positions with local trapping frequencies
ω2α,i = ω
2
α −
e2sα
4pi0m
N∑
i′=1
i′ 6=i
1
|zi,0 − zi′,0|3 . (A3)
These oscillations are coupled by the residual Coulomb
interaction described by the last term in Eq. (A2). To
design phonon modes, we consider adjusting the local
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trapping frequencies by focusing optical tweezers on the
equilibrium positions of the ions as detailed in Sec. III.
The optical potential which is generated by the tweezers
is described by an additional contribution to the Hamil-
tonian which reads H1 =
∑N
i=1 V
twz
i (ri), where
V twzi (ri) =
1
2
mω20,i
(
δr2x,i + δr
2
z,i
)
. (A4)
Normal mode coordinates ξα,n are introduced via the lin-
ear transformation δrα,i =
∑N
n=1M
n
α,iξi, where M
n
α,i is
the mode matrix which diagonalizes the phonon Hamilto-
nian Hph = H0 +H1, i.e., which brings the Hamiltonian
to a form that corresponds to decoupled harmonic oscilla-
tors with frequencies ωα,n. The normal-mode oscillations
of the ion chain can be quantized by introducing annihi-
lation and creation operators for phonons, aα,n and a
†
α,n,
respectively. In terms of these operators, the deviation
of ion i from its equilibrium position can be expressed as
δrα,i =
√
~
2m
N∑
n=1
Mnα,i√
ωα,n
(
aα,n + a
†
α,n
)
. (A5)
The qubit-phonon Hamiltonian Eq. (1) couples the qubits
which are encoded in individual ions to the quantized
normal-mode oscillations of the ion chain.
2. Phononic band structure of infinite chains
We proceed to derive the phononic band structure for
an infinitely long 1D ion chain with uniform spacing d.
The ions are subject to a spatially periodic array of op-
tical tweezers which subdivides the ion chain into unit
cells of size p. Within each unit cell, the first two ions
are pinned by optical tweezers with trapping frequency
ω0, and the remaining p− 2 ions are not pinned as illus-
trated in Fig. 3(a).
We label the ions by their unit cell l ∈ Z and their po-
sition i = 1, . . . , p within the unit cell, where the pinned
ions correspond to the positions i = 1, 2. The classical
Hamiltonian for small-amplitude oscillations of the ions
around their respective equilibrium positions can be writ-
ten as Hph =
∑
α∈{x,y,z}Hα, where Hα is given by the
sum of Eq. (A2) and the optical potential in Eq. (A4) in
the simultaneous limit N →∞ and ωz → 0:
Hα =
∑
l∈Z
p∑
i=1
(
p2α,l,i
2m
+
1
2
mω˜2α,iδr
2
α,l,i
)
+
1
2
sα
∑
l,l′∈Z
p∑
i,i′=1
δrα,l,iC
l−l′
i−i′δrα,l′,i′ . (A6)
The local trapping frequency which the ions at position
i within each unit cell experience is given by
ω˜2α,i = ω
2
α −
sαe
2ζ(3)
2pi0d3m
+ ω2α,0 (δi,1 + δi,2) , (A7)
where, according to Eq. (A4), ωx,0 = ωz,0 = ω0 and
ωy,0 = 0, and ζ(s) is Riemann zeta function. The trans-
lationally invariant coupling coefficient Cli reads
Cli =
{
0 for l = 0 and i = 0,
e2
4pi0d3
1
|pl+i|3 else.
(A8)
a. Phononic band structure for periodic tweezer arrays
We seek the normal mode matrix which diagonalizes
the potential energy contribution to Eq. (A6). It is con-
venient to write the latter as Hpot,α =
1
2mω
2
xVα, where
Vα is dimensionless. For concreteness and to simplify the
notation, we focus in the following on oscillations in the
x direction, and we omit the subscript α = x. The nor-
mal modes of oscillations in the y and z directions can
be found analogously.
To account for the translational invariance of the
phonon Hamiltonian (A6) in the unit-cell index l, we in-
terpret the coordinates δxl,i as coefficients of a Fourier
series, ck,i =
∑
l∈Z e
−iklδxl,i, where k is analogous to the
quasimomentum of an electron in a solid. In terms of the
new complex coordinates ck,i, the potential energy reads
V =
∫ pi
−pi
dk
2pi
p∑
i,i′=1
vki,i′c
∗
k,ick,i′ , (A9)
where
vki,i′ = Viδi,i′ + J
k
i−i′ , J
k
i =
∑
l∈Z
J lie
−ikl, (A10)
with Vi = 1 − 22ζ(3) + ν20 (δi,1 + δi,2) and J li =
Cli/(mω
2
x). We next introduce new coordinates bk,n =∑p
i=1B
k,n∗
i ck,i, where B
k,n
i is the unitary matrix which
diagonalizes vki,i′ with eigenvalues νk,n = ωk,n/ωx. While
V is diagonal in terms of the coordinates bk,n, they can-
not be interpreted as proper normal mode coordinates
because they are complex and not independent: Since
δxl,i are real, it follows that b
∗
k,n = b−k,n. Therefore,
we restrict the range of values of the quasimomentum
to k ∈ [0, pi], and we decompose bk,n and Bk,ni into real
and imaginary parts, bk,n = 1/
√
2 (ξk,n,1 + iξk,n,2) and
Bk,ni = Ξ
k,n,1
i + iΞ
k,n,2
i , to obtain
δxl,i =
∫ pi
0
dk
2pi
p∑
n=1
2∑
λ=1
Mk,n,λl,i ξk,n,λ. (A11)
ξk,n,λ are the desired real and independent normal mode
coordinates, and the normal mode transformation matri-
ces are given by
Mk,n,1l,i =
√
2
(
cos(kl)Ξk,n,1i − sin(kl)Ξk,n,2i
)
,
Mk,n,2l,i = −
√
2
(
cos(kl)Ξk,n,2i + sin(kl)Ξ
k,n,1
i
)
.
(A12)
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b. Perturbative expansion for strong pinning
For strong pinning ν0  , the matrix vk can be di-
agonalized perturbatively in Jki ∝ 2. To zeroth order,
we obtain two degenerate subspaces which correspond to
the ions which are pinned and not pinned. The respec-
tive eigenvalues are 1 − 22ζ(3) + ν20 and 1 − 22ζ(3),
and have degeneracy 2 and p− 2. To obtain the leading
corrections to the eigenvalues in degenerate perturbation
theory, we omit the elements vk which couple the degen-
erate subspaces, whereupon vk becomes block-diagonal.
The matrix Bk that diagonalizes the 2 × 2 block of vk
which describes the pinned ions reads
Bk ∼ Ξ1 = 1√
2
(
1 1
1 −1
)
, (A13)
where we omit corrections ∼ 1/p4 which are small for p &
4. Evidently, for p→∞, the modes which form the high-
est two bands are indeed COM and stretch modes of pairs
of pinned ions within each unit cell. The corresponding
2× 2 blocks of mode matrices in Eq. (A12) are given by
Mk,1l =
√
2 cos(kl)Ξ1 and Mk,2l = −
√
2 sin(kl)Ξ1. Per-
turbative corrections to the mode matrices are of order
O(2/ν20). The mode frequencies of the COM and stretch
bands are
νk,n =
√
1− 22ζ(3) + ν20 + Jk0 ±
∣∣Jk1 ∣∣, (A14)
where n = 1 for the COM band and n = 2 for the stretch
band. The width of these bands is determined by terms
in Eq. (A14) which depend on the quasimomentum k,
i.e., by Jk0 ±
∣∣Jk1 ∣∣. For p & 4, we find
Jk0 +
∣∣Jk1 ∣∣ ∼ 2(1 + 4p3 Re(Li3(eik))
)
,
Jk0 −
∣∣Jk1 ∣∣ ∼ −2(1 + 12p5 Re(Li5(eik))
)
,
(A15)
where Liα(z) =
∑∞
n=1
zn
nα denotes the polylogarithm.
That is, the widths of the COM and the stretch bands are
suppressed as 1/p3 and 1/p5, respectively. For p → ∞,
these bands become flat with frequencies
νn =
√
1− 22ζ(3) + ν20 ± 2. (A16)
In this limit, pairs of pinned ions are completely de-
coupled, and the corresponding modes are strictly local
within unit cells.
Appendix B: Experimental feasibility study
Here we study the experimental feasibility of the pro-
posed scheme to perform tweezer-assisted parallel gates
in a trapped-ion quantum device. We consider both op-
tical and ground-state qubit encodings for different ionic
species. A significant contribution to the infidelity of
tweezer gates is due to scattering of photons of the opti-
cal tweezers. In the following, we discuss how the choice
of qubit encoding and wavelength of the optical tweezer
lasers effects the spontaneous scattering rate and there-
fore the infidelity of the gate.
Our discussion is based on the following model for the
interaction of an optical tweezer beam with a trapped
ion: The dipole potential induced by the optical tweezer
is given by [71]
Udip(r) = − 1
20c
Re(α)I(r), (B1)
where 0 is the vacuum permittivity, c is the speed of
light, I(r) is the intensity of the tweezer beam at position
r, and α is the polarizability of the internal state of the
ion. In general, the polarizability is different for the two
states which encode the qubit. Therefore, a question we
have to address below is how to ensure that both qubit
states experience the same optical potential.
The scattering rate in the center of the Gaussian
tweezer beam with frequency ω, for a transition with res-
onance frequency ω0 and linewidth Γ, is [71]
Γsc(ω) =
3c2
~ω30
(
ω
ω0
)3(
Γ
ω0 − ω +
Γ
ω0 + ω
)2
P
W 20
, (B2)
with the total light power P and the beam waist W0.
For a tightly focused beam with wavelength λ, the beam
waist is approximately given by [72]
W0 ≈ 0.41× λ
NA
, (B3)
where NA is the numerical aperture of the focusing op-
tics. All following estimations are carried out assuming
NA = 0.7, as shown in Ref. [73] in an ion-trapping ex-
periment. Scattering rates from different transitions are
summed up, whereas their trap potential partially can-
cels if the the sign of the detuning ω0 − ω is opposite.
For a given spontaneous scattering rate Γsc and gate
duration τ , the infidelity of the gate due to scattering of
light can be estimated as [74]
δFsc =
3
2
Γscτ. (B4)
1. Ground state qubit encoding
A first approach to ensure that both qubit states ex-
perience the same optical potential is to encode both of
them in the ground state of the ion [4]. In this case,
the AC-Stark shift for pi-polarized light is not state de-
pendent, and the tweezer wavelength can be varied over
a broad range. We consider the species 24Mg+, 40Ca+,
88Sr+, 138Ba+ and 171Yb+, which are used in experi-
ments targeting quantum information processing [4].
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Figure 11. Infidelity due to spontaneous scattering for  =
0.07, ν0 = 0.4 and ωx = 2pi × 3 MHz for different atomic
species. The steep slope at short wavelengths is caused by
the excessive scattering close to the resonance of the S ⇔ P
transition. At long wavelengths, the infidelity increases due
to an enlarged spot-size for a diffraction limited spot for the
assumed numerical aperture.
For all investigated ionic species, we only consider con-
tributions to the optical trapping and to spontaneous
scattering from the S to P transitions with linewidths of
several MHz [75]. In Fig. 11, we show the infidelity δFsc
as a function of the tweezer wavelength. The infidelity
exhibits a single minimum, which lies in between a regime
at short wavelengths near the resonance and a regime at
long wavelengths, for which the beam waist (B3) and,
therefore, the required power to reach the strong pinning
regime increases. Here we set  = 0.07 and ν0 = 0.4 as in
the examples considered in the main text. This results in
ν20/
2 ≈ 32, deeply in the regime of strong pinning. The
gate time is estimated according to Eqs. (A16) and (18).
The lowest infidelities can be achieved for 24Mg+ fol-
lowed by 40Ca+. For 24Mg+ ions in a trap with trans-
verse trapping frequency ωx = 2pi×3 MHz and a tweezer
wavelength of 400 nm, the contribution of spontaneous
scattering to the infidelity is δFsc ≈ 4.9× 10−3. The cor-
responding inter-ion distance is d = 15µm. The infidelity
caused by spontaneous scattering can be reduced by ei-
ther increasing d and increasing ωx (see Fig. 12), with
the downside of increased heating rates [76], or by relax-
ing the condition on being in the strong trapping regime,
which leads to higher infidelities from other sources (see
Fig. 5). For  = 0.07 and ν0 = 0.2, a scattering-induced
infidelity of δFsc ≈ 1.2 × 10−3 can be achieved. For the
same values of ωx,  and ν0, the infidelity for
40Ca+ ions
is 2.8× 10−3 with d = 12.6µm and a tweezer wavelength
of 532 nm. The required power of the optical tweezers is
on the order of a couple of mW for both species.
Figure 12. Spontaneous scattering infidelity for parallel gates
performed on 24Mg+ ground-state qubits with 400 nm tweezer
wavelength for varying ion distance d and radial trap fre-
quency ωx. By choosing d and ωx,  is fixed, and ν0 is deter-
mined in order to reach the strong pinning regime. The gray
region marks parameter combinations that lead to a zigzag
configuration of the ion string.
2. Optical qubit encoding
For an optical qubit, the qubit levels are encoded in
two different electronic states. An apparent approach to
ensure equal optical trapping potentials for both qubit
states is to choose the tweezer wavelength as a magic
wavelength with respect to the transition between the
two qubit states. However, the polarizabities of 40Ca+,
88Sr+ and 138Ba+, which are commonly used species
for optical qubits [4], are low at the respective magic
wavelengths [77] and, therefore, high light intensities are
required to achieve sizeable optical trapping potentials.
Unfortunately, the concomitant increase of spontaneous
scattering rates leads to relatively high infidelities.
In particular, magic wavelengths in between the
S1/2 ⇔ P1/2 and the S1/2 ⇔ P3/2 transitions have small
detunings from broad transitions, which leads to scatter-
ing rates in the regime of hundreds of kHz. Performing
gates with typical gate times τ on the order of tens to
hundreds of µs is therefore rendered impossible.
For the abovementioned species, there also exists a set
of magic wavelength that is red detuned from all rele-
vant transitions [77]. For 40Ca+, this wavelength is at
1271 nm and therefore has a detuning of over 400 nm to
the nearest relevant transition. Using tweezers at this
magic wavelength yields lower scattering rates of hun-
dreds of Hz. However, the resulting infidelities are still
in the 10−1 regime.
An alternative way to reduce the infidelity due to scat-
tering is to use two superimposed tweezer beams at dif-
ferent wavelength to trap each of the two qubit states in-
dividually. On the one hand, the gained flexibility with
regard to the choice of wavelength could allow for low
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scattering rates while keeping the required power reason-
able, but on the other hand additional experimental chal-
lenges would come into play. In particular, to avoid gate
errors due to decoherence of the qubit induced by dif-
ferential trapping potential fluctuations of the two qubit
states, precise control over both the power in the tweezer
beams as well as the positioning of the tweezers is re-
quired.
Appendix C: Tweezer misadjustments
In section IV D in Eq. (22) we state the optical poten-
tial that is generated by a misadjusted optical tweezer.
Here we describe how we calculate the effect of the shifts
of the tweezer focuses. First note that since the optical
potential is at most quadratic in the shifts of the tweez-
ers, these shifts affect the modes of the ions only through
the corresponding shifts in the equilibrium positions of
the ions. We determine these shifts numerically up to
second order in the shifts of the tweezers before averag-
ing over several Gaussian realizations as before. To this
end we expand the gradient of the total potential for a
total number of N ions
∇ξV =
∑
m
δm (∂δm∇ξV ) |ξ0︸ ︷︷ ︸
D
+
1
2
∑
m,n
δmδn (∂δm∂δn∇ξV ) |ξ0︸ ︷︷ ︸
W
(C1)
where ξ = ξ0 + X1δ +
δ
ᵀ
X21δ
δ
ᵀ
X22δ
...
 with ξ(0) =
(x
(0)
1 , x
(0)
2 , . . . y
(0)
1 , . . . z
(0)
N ) the equilibrium positions of
the ions without tweezers, δ = (δx,1, δx,2, . . . δz,N ) the
shifts of the tweezer focuses and 3N × 3N -matrices X1,
{X2m}3Nm=1 that determine the new equilibrium positions
from the shifts. From the condition∇ξV = 0 to all orders
we obtain
D = 0⇔ X1 = H−1P (C2)
where Hij = (∂ξi∂ξjV )|ξ0 and Pij = (∂ξi∂δjV )|ξ0 . The
second order yields
W = 0⇔ X2 = H−1b (C3)
where X2 = (X2n)n and b = (− 12XT1 HnX1)n are vectors
whose elements are matrices with Hr = ∂ξrH. Hence
the multiplication with H−1 gives a linear combination
of matrices for each element of X2.
Appendix D: Adiabatic switching of tweezer arrays
Here we derive an estimate, based on adiabatic pertur-
bation theory, for the excitation of phonons due to the
switching of optical tweezers. We consider the switching
protocol described by the phonon Hamiltonian (A6) with
time-dependent local oscillation frequencies,
ω˜2α,i = ω
2
α −
sαe
2ζ(3)
2pi0d3m
+ ω2α,0 [(1− s) δi,1 + δi,2 + sδi,3] ,
(D1)
which depend linearly on the parameter s = t/τs that
varies between zero and one, and where τs denotes the
switching time. At the beginning of the protocol at s = 0,
the ions at positions i = 1, 2 are pinned. At the end of the
protocol, the optical potential on the ion at site i = 1 is
switched off, and the ions at positions i = 2, 3 are pinned.
The instantaneous eigenstates and energies of the
phonon Hamiltonian obey Hph(s) |n(s)〉 = En(s) |n(s)〉,
where for simplicity we label the states with a single in-
dex n ∈ N0. To obtain an estimate of the excitation of
phonons, we assume that all phonon modes are initially
cooled to their ground state. The transition probability
to an excited state n > 0 is given by [78]
P0→n ∼ 1
τ2s
(
〈n|∂sHph|0〉2
(En − E0)4
∣∣∣∣∣
s=0
+
〈n|∂sHph|0〉2
(En − E0)4
∣∣∣∣∣
s=1
)
,
(D2)
and the total probability to excite phonon modes is P =∑
n 6=0 P0→n. By evaluating the matrix elements of the
phonon Hamiltonian explicitly, we find
P =
1
2 (ωxτs)
2
×
∑
α∈{x,z}
∫ pi
0
dk
2pi
p∑
n,n′=1
(
An,n
′
α,k
∣∣∣
s=0
+ An,n
′
α,k
∣∣∣
s=1
)
, (D3)
where, for α ∈ {x, z},
An,n
′
α,k =
ω2x
(ωα,k,n + ωα,k,n′)
4
2∑
λ,λ′=1
(
ck,n,n
′
α,λ,λ′
)2
, (D4)
and
ck,n,n
′
α,λ,λ′ =
ω20
2
√
ωα,k,nωα,k,n′
(
Wλ,λ
′,k,n,n′
α,3 −Wλ,λ
′,k,n,n′
α,1
)
,
(D5)
with
Wλ,λ,k,n,n
′
α,i = Ξ
k,n,1
α,i Ξ
k,n′,1
α,i + Ξ
k,n,2
α,i Ξ
k,n′,2
α,i ,
W 1,2,k,n,n
′
α,i = −W 2,1,k,n,n
′
α,i
= −Ξk,n,1α,i Ξk,n
′,2
α,i + Ξ
k,n,2
α,i Ξ
k,n′,1
α,i .
(D6)
These expressions yield the estimates stated in the main
text in Sec. IV E.
Appendix E: Entangling gates with time-modulated
Rabi frequencies
Here we specialize Eqs. (5) and (6) which determine
the entangling gate Eq. (3) to time-modulated Rabi fre-
quencies [42].
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1. Finite chains
The qubit-phonon coupling (5) can be written as αni =
Ani ·Ri, where the dimensionless Rabi frequency is given
by Ri = η0Ωi/ωx =
(
R1i , . . . , R
S
i
)
with the parameter η0
defined in Eq. (20), and where Ani,s = −i
√
ωx/ωnM
n
i g
n,s
i
with gn,si = ωx
∫ sτ/S
(s−1)τ/S dt sin(µit)e
iωnt. Further, the
qubit-qubit coupling (6) can be written as χi,i′ =
RᵀiXi,i′Ri′ , where Xi,i′ =
∑N
n=1
(
ηni η
n
i′/η
2
0
)
fni,i′ . f
n
i,i′ is
an S × S matrix with elements
fn,s,s
′
i,i′ = ω
2
x
∫ sτ/S
(s−1)τ/S
dt
∫ s′τ/S
(s′−1)τ/S
dt′ sin(µit) sin(µi′t′)
× sin(ωn (t− t′)) for s > s′, (E1)
fn,s,s
′
i,i′ = ω
2
x
∫ sτ/S
(s−1)τ/S
dt
∫ t
(s−1)τ/S
dt′ (sin(µit) sin(µi′t′)
+ sin(µit
′) sin(µi′t)) sin(ωn (t− t′)) for s = s′, (E2)
fn,s,s
′
i,i′ = ω
2
x
∫ s′τ/S
(s′−1)τ/S
dt
∫ sτ/S
(s−1)τ/S
dt′ sin(µit′) sin(µi′t)
× sin(ωn (t− t′)) for s < s′. (E3)
In terms of the vectors Ani , the infidelity per gate
Eq. (11) can be written as δF = 1G
∑N
i=1 R
ᵀ
i ΦiRi where
Φs,s
′
i =
8
5
∑N
n=1 Re
((
Ani,s
)∗
Ani,s′
)
.
2. Infinite chains
In infinite ion chains, the qubit-qubit coupling can be
written as χl,l
′
i,i′ = R
ᵀ
l,iX
l,l′
i,i′Rl′,i′ , where
X l,l
′
i,i′ = 2
∫ pi
0
dk
2pi
p∑
n=1
√
ωx
ωk,n
×
[
cos(k (l − l′))
(
Ξk,n,1i Ξ
k,n,1
i′ + Ξ
k,n,2
i Ξ
k,n,2
i′
)
+ sin(k (l − l′))
(
Ξk,n,1i Ξ
k,n,2
i′ − Ξk,n,2i Ξk,n,1i′
)]
fk,nl,i,l′,i′ .
(E4)
To obtain X l,l
′
i,i′ , we approximate the integral over k ∈
[0, pi] by a discrete Riemann sum, and we calculate the
matrices Ξk,n,λi and the phonon mode frequencies ωk,n
for each discrete value of k numerically as described in
Appendix A.
Similarly, for the matrix Φl,i which determines the in-
fidelity per gate we find
Φs,s
′
l,i =
32
5
∫ pi
0
dk
2pi
p∑
n=1
√
ωx
ωk,n
2∑
λ=1
(
Ξk,n,λi
)2
× Re
((
gk,n,sl,i
)∗
gk,n,s
′
l,i
)
. (E5)
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